Fifth of a series of articles laying down the bases for classical first order model theory. This paper presents multiple themes: first it introduces sequents, rules and sets of rules for a first order language L as L-dependent types. Then defines derivability and provability according to a set of rules, and gives several technical lemmas binding all those concepts. Following that, it introduces a fixed set D of derivation rules, and proceeds to convert them to Mizar functorial cluster registrations to give the user a slick interface to apply them.
Let S be a language, let D be a rule set of S, and let S 9 , S 10 be sets. We say that S 10 is (S 9 Let us consider S, R. We say that R is isotone if and only if:
(Def. 9) If S 2 ⊆ S 3 , then R(S 2 ) ⊆ R(S 3 ). Let us consider S. Observe that there exists a rule of S which is isotone.
Let us consider S, D. We say that D is isotone if and only if:
(Def. 10) For all S 2 , S 3 , f such that S 2 ⊆ S 3 and f ∈ D there exists g such that g ∈ D and f (S 2 ) ⊆ g(S 3 ). Let us consider S and let M be an isotone rule of S. One can verify that {M } is isotone.
Let us consider S. One can verify that there exists a rule set of S which is isotone.
In the sequel K, K 1 are isotone rule sets of S. Let S be a language, let D be a rule set of S, and let S 1 be a set. We say that S 1 is D-derivable if and only if: (Def. 11) S 1 is (∅, D)-derivable.
Let us consider S, D. One can verify that every set which is D-derivable is also (∅, D)-derivable and every set which is (∅, D)-derivable is also D-derivable.
Let us consider S, D and let S 1 be an empty set. One can verify that every set which is (S 1 , D)-derivable is also D-derivable.
Let us consider S, D, X and let p 2 be a set. We say that p 2 is (X, Let us consider S, D and let P 1 be a set. Then (P 1 , D) -termEq is a binary relation on AllTermsOf S.
Let us consider S, p 2 and let P 2 , P 3 be finite subsets of AllFormulasOf S.
Let us consider S, let x be an empty set, and let p 2 be a w.f.f. string of S. Then x, p 2 is an element of S-sequents.
Let us consider S. Note that ∅ ∩ S is S-sequents-like. Let us consider S. One can verify that there exists a set which is S-null. Let us consider S. One can check that every set which is S-sequent-like is also S-null.
Let us consider S. One can check that every element of S-sequents is S-null.
Let us consider m, S, D, X. One can verify that (m, D)-derivables(X) is S-sequents-like.
Let us consider S, Y and let X be an S-sequents-like set. One can verify that X ∩ Y is S-sequents-like.
Let us consider S, D, m, X. Note that every set which is (m, X, D)-derivable is also S-sequent-like.
Let us consider S, D and let P 2 , P 3 be sets. Observe that every set which is
Let us consider S, D, let X be a set, and let x be a subset of X. Note that every set which is (x, D)-provable is also (X, D)-provable.
Let us consider S, let p 5 be a finite subset of AllFormulasOf S, and let p 2 be a w.f.f. string of S. One can check that p 5 
We say that s 1 rule 3e S 1 if and only if the condition (Def. 24) is satisfied.
(Def. 24) There exists a relational element s of S and there exist |ar s|-element elements T , U of (AllTermsOf S) * such that Let S be a language. The functor P0 S yielding a relation between 2 S-sequents and S-sequents is defined by: (Def. 31) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P1 S yields a relation between 2 S-sequents and S-sequents and is defined as follows:
(Def. 32) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P2 S yields a relation between 2 S-sequents and S-sequents and is defined as follows:
(Def. 33) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P3a S yielding a relation between 2 S-sequents and S-sequents is defined as follows:
(Def. 34) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P3b S yields a relation between 2 S-sequents and S-sequents and is defined as follows:
(Def. 35) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents holds S 1 , s 1 ∈ P3b S iff s 1 rule 3b S 1 .
The functor P3d S yields a relation between 2 S-sequents and S-sequents and is defined as follows:
(Def. 36) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P3e S yielding a relation between 2 S-sequents and S-sequents is defined by:
(Def. 37) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P4 S yielding a relation between 2 S-sequents and S-sequents is defined by:
(Def. 38) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P5 S yields a relation between 2 S-sequents and S-sequents and is defined by:
(Def. 39) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P6 S yielding a relation between 2 S-sequents and S-sequents is defined by:
(Def. 40) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents holds S 1 , s 1 ∈ P6 S iff s 1 rule 6 S 1 .
The functor P7 S yielding a relation between 2 S-sequents and S-sequents is defined as follows:
(Def. 41) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P8 S yields a relation between 2 S-sequents and S-sequents and is defined as follows:
(Def. 42) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents
The functor P9 S yields a relation between 2 S-sequents and S-sequents and is defined as follows:
(Def. 43) For every element S 1 of 2 S-sequents and for every element s 1 of S-sequents holds S 1 , s 1 ∈ P9 S iff s 1 rule 9 S 1 .
Let us consider S and let R be a relation between 2 S-sequents and S-sequents. The functor FuncRule R yields a rule of S and is defined by: (Def. 44) For every set i 1 such that i 1 ∈ 2 S-sequents holds (FuncRule R)(i 1 ) = {x ∈ S-sequents: i 1 , x ∈ R}. Let us consider S. The functor R0 S yielding a rule of S is defined as follows:
The functor R1 S yielding a rule of S is defined as follows:
The functor R2 S yielding a rule of S is defined by: 
Let us consider S. One can verify the following observations: * R0 S is isotone, * R3a S is isotone, * R3d S is isotone, and * R3e S is isotone.
Let us consider
Let us consider S and let t 1 , t 2 be termal strings of S.
Observe that TheEqSymbOf S t 1 t 2 is 0-w.f.f.. Let us consider S, let m be a non zero natural number, and let T , U be melement elements of (AllTermsOf S) * . The functor PairWiseEq(T, U ) is defined by the condition (Def. 58).
(Def. 58) PairWiseEq(T, U ) = { TheEqSymbOf S T 1 (j) U 1 (j); j ranges over elements of Seg m, T 1 ranges over functions from Seg m into (AllSymbolsOf S) * \ {∅}, U 1 ranges over functions from Seg m into
Let us consider S, let m be a non zero natural number, and let T 2 , T 3 be m-element elements of (AllTermsOf S) * . Then PairWiseEq(T 2 , T 3 ) is a subset of AllFormulasOf S. Let us consider S, let m be a non zero natural number, and let T , U be melement elements of (AllTermsOf S) * . Observe that PairWiseEq(T, U ) is finite.
Let us consider S, let s be a relational element of S, and let T 2 , T 3 be |ar s|-element elements of (AllTermsOf S)
Let us consider m, S, D. We say that D is m-ranked if and only if:
Let us consider S. One can verify that every rule set of S which is 1-ranked is also 0-ranked and every rule set of S which is 2-ranked is also 1-ranked.
Let us consider S. The functor S-rules yields a rule set of S and is defined by:
(Def. 60) S-rules = {R0 S, R1 S, R2 S, R3a S, R3b S, R3d S, R3e S, R4 S}∪ {R5 S, R6 S, R7 S, R8 S}. Let us consider S. Observe that S-rules is 2-ranked. Let us consider S. Note that there exists a rule set of S which is 2-ranked. Let us consider S. Observe that there exists a rule set of S which is 1-ranked. Let us consider S. Note that there exists a rule set of S which is 0-ranked. Let us consider S, let D be a 1-ranked rule set of S, let X be a D-expanded set, and let us consider a. Observe that X-freeInterpreter a is (X, D) -termEqrespecting.
Let us consider S, let D be a 0-ranked rule set of S, and let X be a Dexpanded set. Observe that (X, D) -termEq is total, symmetric, and transitive.
Let us consider S. Observe that there exists a 0-ranked rule set of S which is 1-ranked.
The following proposition is true We now state two propositions: (2) For every relation R between 2 S-sequents and S-sequents such that S 4 ,
Let us consider S, D, X. Let us observe that X is D-expanded if and only if:
The following four propositions are true: D 1 is isotone and D 1 ∪ D 2 is isotone and y is (m, X, D 1 )-derivable and z is (n, {y},
Let us consider S. Observe that R6 S is isotone. One can prove the following propositions:
Let us consider S. Note that R8 S is isotone. Let us consider S. Observe that R1 S is isotone. 
Let us consider S, D, X. Observe that every set which is (X, D)-derivable is also S-sequents-like.
Let Let us consider S. Observe that R7 S is isotone. Next we state the proposition (12) If x is (X, D)-provable, then x is a w.f.f. string of S.
In the sequel F denotes a rule set of S. Let us consider S, D 1 and let X be a D 1 -expanded set. One can verify that (S, X)-freeInterpreter is (X, D 1 ) -termEq-respecting.
Let us consider S, let D be a 0-ranked rule set of S, and let X be a Dexpanded set. The functor D Henkin X yielding a function is defined by:
Let us consider S, let D be a 0-ranked rule set of S, and let X be a Dexpanded set. One can check that D Henkin X is OwnSymbolsOf S-defined.
Let us consider S, D 1 and let
Let us consider S, D 1 and let X be a D 1 -expanded set. Then D 1 Henkin X is an element of Classes( (X, D 1 ) -termEq) Let us consider S. Note that every 0-ranked rule set of S is non empty. Let us consider S, x. We say that x is S-premises-like if and only if:
(Def. 64) x ⊆ AllFormulasOf S and x is finite.
Let us consider S. One can verify that every set which is S-premises-like is also finite.
Let us consider S, p 2 . Note that {p 2 } is S-premises-like. Let us consider S and let e be an empty set. One can check that e null S is S-premises-like.
Let us consider X, S. Observe that there exists a subset of X which is S-premises-like.
Let us consider S. Observe that there exists a set which is S-premises-like. Let us consider S and let X be an S-premises-like set. Observe that every subset of X is S-premises-like.
In the sequel H 3 denotes an S-premises-like set. Let us consider S, D, X. We introduce X is D-consistent as an antonym of X is D-inconsistent.
We now state the proposition
Let us consider S, D, let X be a functional set, and let p 2 be an element of ExFormulasOf S. The functor (D, p 2 ) AddAsWitnessTo X is defined by: Let us consider X, S. Observe that there exists an 0-w.f.f. string of S which is X-implied. Let us consider X, S, D and let n 1 be a function from N into AllFormulasOf S. One can check that X \ ((D, n 1 ) CompletionOf X) is empty.
We now state the proposition (19) For every relation R between 2 S-sequents and S-sequents holds y ∈ (FuncRule R)(X) iff y ∈ S-sequents and X, y ∈ R. In the sequel D 2 is a 2-ranked rule set of S. Let us consider S and let r 1 , r 2 be isotone rules of S. Note that {r 1 , r 2 } is isotone.
Let us consider S and let r 1 , r 2 , r 3 , r 4 be isotone rules of S. Observe that {r 1 , r 2 , r 3 , r 4 } is isotone.
Let us consider S. Observe that S-rules is isotone. Let us consider S. Observe that there exists an isotone rule set of S which is correct.
Let us consider S. Observe that there exists a correct isotone rule set of S which is 2-ranked.
Let S be a countable language. Observe that AllFormulasOf S is countable. We now state the proposition
